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We study the generation and propagation of local perturbations in a quantum many-body spin system. In
particular, we study the Ising model in transverse field in the presence of a local field defect at one edge.
This system possesses a rich phase diagram with different regions characterized by the presence of one or two
Majorana zero modes. We show that their localized character i) enables a characterization of the Ising phase
transition through a local-only measurement performed on the edge spin, and ii) strongly affects the propagation
of quasiparticles emitted after the sudden removal of the defect, so that the dynamics of the local magnetization
show clear deviations from a ballistic behavior in presence of the Majorana fermions.
PACS numbers:
The impressive progress made in the last two decades in the
manipulation and detection of ultracold atomic gases, [1], has
had a decisive roˆle in pushing towards a better understanding
of the dynamics of many body systems following a sudden
quench, i.e. an abrupt change of some control parameter of
the system. This has been the subject of many recent stud-
ies, focusing in particular on global quenches [2]. Examples
of long studied systems and processes which have been real-
ized with ultracold gases, range from the superfluid to Mott
insulator transition [3] to the BCS to BEC crossover[4, 5]. A
special emphasis in this respect deserve the studies of equili-
bration properties of interacting many body systems [6], in-
cluding many interesting results such as the transition from
diffusive to ballistic propagation dynamics of boson in a one
dimensional lattice, [7]. The latter experiment is connected to
one of the paradigm in the theory of global quenches in short
ranged interacting many body systems, namely the existence
of a maximum finite speed for the propagation of information
within the system [8, 9]. On the other hand, a general un-
derstanding is still lacking in the case of local quenches, de-
spite some interesting analysis for local bond quenches [10],
for their connection to orthogonality catastrophe [11], for the
study of local bound states in interacting systems [12], and
for a recent work by Smacchia and Silva [13], discussing
the propagation of magnetization after a local time dependent
quench in the quantum Ising model.
In the same spirit, and motivated by the increasing experi-
mental ability to perform single-site resolved addressing and
detection [14], we study how a local quench affects both the
static and dynamical properties of an Ising chain of N spins
in a transverse field h, which is homogenous everywhere but
for a local defect at the boundary.
For a homogeneous field and in the thermodynamic limit,
the Ising system would display a second order Quantum
Phase Transition (QPT) at a critical value of the external
field h = hc, separating a paramagnetic phase with a non-
degenerate ground state, from an interaction dominated, or-
dered phase, with a two-fold degenerate ground state. By
means of a Jordan-Wigner transformation, the spin system can
be mapped onto an homogeneous Kitaev chain [15], whose
phase diagram has been studied in detail [16] and is known
to display a topologically non-trivial phase, and a trivial one.
The non-trivial phase is characterized by the presence of
boundary Majorana fermions, which have been extensively
studied both theoretically [17–19] and experimentally [20–
22], also with the aim of exploiting them to implement topo-
logical quantum computation[23]. Global quench induced
dynamics have been addressed for this system to study the
transport of localized excitations between the two edges of
the chain [24, 25], a necessary step to implement topological
gates.
The magnetic field defect we consider gives a twofold ef-
fect: 1) the topological Majorana mode in the non-trivial
phase gets distorted; 2) a localized eigenmode appears, which
itself becomes a zero mode within a one-dimensional subre-
gion of the otherwise trivial topological phase. As a conse-
quence, the phase diagram in presence of the defect becomes
much richer, due to the presence of either one or two of these
localized modes. Finally, when the defect is quenched off,
quasiparticles are “emitted” from a finite region around it and
propagate throughout the system showing a clear signature of
the presence of the Majorana mode.
I. MODEL AND PHASE DIAGRAM
We consider the transverse field Ising model with open
boundary conditions in the presence of a local dip in the mag-
netic field (a defect), described by the Hamiltonian:
Hµ = −J
{
h
N∑
n=2
σˆzn −
N−1∑
n=1
σˆxnσˆ
x
n+1 + µh σˆ
z
1
}
, (1)
where µ is used to parameterize the field defect, and we scaled
the magnetic field so that hc=1. From now on, we take the
exchange constant as our energy unit, J = 1. Despite the
breaking of both translation invariance and reflection symme-
try, Hµ can be diagonalized in terms of fermion operators ηk,
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2η†k, (the diagonalization, based on [26–28], is discussed in the
Appendix)
Hµ =
∑
κ
Λκη
†
κηκ + χ1Λ1η
†
1η1 + χ2Λ2η
†
2η2 , (2)
where κ runs over a quasi-continuous band of delocalized
modes, while two further discrete modes can appear depend-
ing on the value of the magnetic field h and of the defect pa-
rameter µ. Let Rn be the region in parameter space where
mode n = 1, 2 exists; then, R1 is the ferromagnetic region
h ≤ 1, while R2 = {(h, µ) : (∀h ∧ |µ|>
√
1+1/h) ∨ (h >
1 ∧ |µ|<√1−1/h)}, see Fig. (1) and the Appendix. In Eq.
(2), χ1 = Θ(1 − h) and χ2 are the characteristic functions
of these two regions, so that the corresponding fermion mode
n = 1 (n = 2) is absent if h, µ are taken outside R1 (R2).
These two modes, have frequency
Λ1=
2µ(1−h2)hN√|1+(µ2−1)h2| , Λ2 = 2 |µ|
√
1+(µ2 − 1)h2
(µ2 − 1) .
(3)
Mode 1 originates from fermion pairing, as found by Kitaev
[15] for a homogeneous system. In our case, it is distorted
by the presence of the defect (i.e. if µ 6= 1), both in its en-
ergy and in its spatial structure. It becomes a zero mode in
the thermodynamic limit, remaining spatially localized on the
boundaries of the chain for any value of µ. Mode 2 originates
from the defect, it is discrete and localized too; its energy can
lie either below or above the band (lower or upper of the yel-
low subregions in Fig. 1, respectively). If µ = 0, Λ2 becomes
zero even at finite size; as a result, the real fermion operators
η
(a)
2 and η
(b)
2 defined as η2 = η
(a)
2 + iη
(b)
2 decouple from the
Hamiltonian, so that mode 2 becomes a Majorana zero mode,
localized around the defect (see Table (IA) in the Appendix).
The presence of such localized structures affects all of the
static properties of the system. In particular, we will focus on
the local transverse magnetization that, in the Jordan-Wigner
language, is related to fermion occupation. As shown in
Fig. 2, the defect-localized mode maintains a non-vanishing
magnetization on the first site for every finite value of µ.
In particular, 〈Sz1 〉 grows linearly with the external mag-
netic field with a slope proportional to µ far from critical-
ity. For µ → 0, however, we obtain a singular behavior,
lim
µ→0±
〈Sz1 〉=∓
√
h2−1
2h
Θ(h−1), whose step-like nature origi-
nates from a discontinuity in the spatial structure of mode 2 in
the paramagnetic region, see also the Appendix. The fact that
the magnetisation is zero (for vanishing µ) in the ferromag-
netic region can be qualitatively justified by observing that
the spin-spin interaction locally dominates in this case, pre-
venting the impurity spin to acquire a finite magnetisation in
the z-direction. On the contrary, in the paramagnetic regime,
the one-body Hamiltonian term dominates in Eq. 1, resulting
in a building-up of 〈Sz1 〉 even for vanishingly small µ.
Because of these features, the impurity spin and its magne-
tization behave as a local probe, able to detect the bulk prop-
erties of the spin chain: for µ = 0, 〈Sz1 〉 is zero in the ordered
phase, while it is different from zero in the disordered one.
This is quite peculiar as, in general terms, for a second-order
QPT as the one we are facing here, critical properties are ex-
hibited in the bulk, and no local measurement of the transverse
magnetization or of its susceptibility close to the boundary is
able to pinpoint the QPT. On the other hand, we have just
shown that the local magnetization on the edge impurity site
is able to capture and signal the QPT.
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Figure 1: (Color online): Phase diagram showing the presence of the
localized modes Λn (n=1, 2) in the h, µ plane. The red region (hor-
izontal lines),R1, features the presence of the mode with energy Λ1.
The yellow region (vertical lines) R2, instead, features the presence
of mode 2, either below or above the band in the two subregions with
µ smaller or larger than µ = 1, respectively. Both of the localized
modes are present in the orange region (oblique lines), correspond-
ing to the intersection ofR1 andR2. On the solid green line (µ = 0
with h ≥ 1) we have Λ2 = 0 and mode 2 becomes a zero mode.
Finally, only delocalized modes are present in the white region.
II. PROPAGATION OF QUASI-PARTICLES
We now turn to the study of the dynamics following the
sudden removal of the defect on the first site. The aim is to
discuss how a local perturbation propagates in the system and,
in particular, how the dynamics is affected by the Majorana
zero mode. To this end, we assume the system to be initially
prepared in the ground state |GS〉0 of Hˆ0 (with µ = 0). At
t = 0 the defect is suddenly removed (µ = 1 for t ≥ 0),
so that the system’s subsequent evolution is generated by the
homogeneous Ising Hamiltonian Hˆ1, whose ground state we
denote |GS〉1.
The spatial structure of the initial state |GS〉0 differs from
that of |GS〉1 near the first site only. To characterize the local
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Figure 2: (Color online): Transverse magnetization of the defect spin
as a function of the magnetic field for various defect’s strength µ
(with µ=1 corresponding to a homogeneous system), forN = 1000.
differences between these two states we employ the magne-
tization contrast δmi = 〈Sˆzi 〉GS1 − 〈Sˆzi 〉GS0 , which quanti-
fies the defect-induced perturbation of the ground state with
respect to the homogeneous field Hamiltonian Hˆ1 at a given
h. We expect the two ground states to look very similar far
from the defect site and to differ significantly only around it.
Indeed, δmi decays exponentially with the distance from the
defect, δmi = δm1 exp(−(i−1)/ξ), with a short localization
length ξ, see Fig.3. Notice, in particular, that the perturba-
tion is always localized within the first three sites regardless
of the value of h. On the other hand, δm1 increases with h
for 0 < h < 1 while it goes to zero for h > 1 away from
the critical point (indeed, in the paramagnetic phase, the mag-
netization tends to saturate with increasing h, both with and
without the defect).
Once the defect is removed, the local magnetization peak
travels through the chain, starting near site i = 1 at t = 0.
In fact, we can think of the region of size ξ around the first
site as a source of quasi-particles that carry magnetization and
correlations [9, 13].
Two different scenarios occur, depending on the value of
the transverse field h. For h > 1, after the quench the system
only supports delocalized fermion eigen-modes (white region
in Fig.1). These will be shown to give rise to a purely ballistic
propagation of the magnetization peak. In the ordered phase
0 < h < 1, on the other hand, H1 enjoys the localized mode
with energy Λ1, residing on the edge of the system, and sub-
stantially overlapping with the initial localized state |GS〉0. A
pinning of the excitation near the first site occurs in this case,
due to the interplay of the otherwise ballistic propagation with
the localized nature of the Majorana mode, and giving rise to
temporal oscillations of the local magnetization.
In order to characterize the propagation of the magnetic per-
turbation along the chain, we consider the mean square mag-
Figure 3: (Color online): Magnetization change δm between the
ground states of the final and initial Hamiltonians forN = 200 spins
and h = 0.6. Insets: (top) magnetization change at the first site,
δm1, as a function of h; (bottom) localization length ξ.
netization center and its velocity, defined as
R2(t) =
N∑
i=1
δmi(t)(i− 1)2 (4)
v(t) =
d
dt
√
|R2(t)−R2(0)|. (5)
where δmi(t) = 〈Sˆzi 〉GS1−〈Sˆzi (t)〉GS0 is the time-dependent
version of the magnetization contrast introduced above. Anal-
ogous variables have been adopted and experimentally mea-
sured in Ref. [7].
Using the diagonal form of H1, one can show that
R2(t) =
∑
k1,k2
Ak1 k2 cos ((Λk1 − Λk2)t)
+
∑
k1,k2
Bk1 k2 cos ((Λk1 + Λk2)t)
where the summations are performed over the eigenmodes
of the final Hamiltonian H1, including both the delocalized
fermion modes κ forming a band in the thermodynamic limit,
and, if h < 1, the (Majorana) edge mode n = 1. The ex-
plicit form of the matricesA andB are given in the Appendix;
what is important here is that they give two different types of
contribution to the propagating magnetization center: a ro-
tating term, (A), and a counter-rotating one, (B). The for-
mer fully determines the asymptotic behavior of R(t), as the
B-contribution becomes negligible at long times due to their
fast oscillations. This is clearly seen in Fig.4, where we show
δR(t) =
√
R2(t)−R2(0) for different values of the mag-
netic field h. In the plots, the solid blue curves giving δR(t)
are compared to the behaviors obtained by artificially keep-
ing the rotating terms only in the rhs of Eq.(4). This is done
to better emphasize that B-terms only contribute to the tran-
sient oscillations, after which the propagation is ballistic and
completely accounted for by the rotating terms. Furthermore,
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Figure 4: (Color online): Detachment of the magnetization center
from its initial position, δR(t) =
√
R2(t)−R2(0), for (top left to
bottom right) h = 0.4, 0.6, 1.2, 1.6, with N = 100. Solid blue lines
are drawn by using the full expression for R(t), whereas dashed red
lines contain the rotating (A) contributions only. The dashed green
lines are obtained from the blue ones by artificially excluding the
contribution from the Majorana zero mode, in order to better high-
light its role.
by analyzing the matrix A as displayed in Fig. (5), we see
that the main contribution comes from the entries close to the
diagonal, so that the long-time speed is
v¯ ≈
√∑
κ
Aκκ+1
2
(Λκ − Λκ+1)2 .
This gives a very good approximation for the average propa-
gation velocity in the disordered region, while it fails near the
critical point, where δR(t) and v(t) keep oscillating even at
long times, see Fig. (6), and in the ordered region, because of
the presence of the Majorana mode, coming into play via the
counter rotating terms.
In fact, the B contributions are worth analyzing in some
detail. They are basically irrelevant for h > 1, while their
presence induces strong transient oscillations in the ferromag-
netic phase, whose amplitude increases as h → 1−. This is
essentially due to the presence of the Majorana mode. Indeed,
Fig. (5) clearly shows that in the ordered phase (h < 1), the
only contribution of the B-type comes from the coupling be-
tween the n = 1 mode and the delocalized ones. Furthermore,
in Fig. (4), for h < 1 (top panels) we can see that, if all of the
terms involving the Majorana zero mode were excluded from
the sum in Eq. (4), then the oscillations would disappear (as
seen by comparing the dotted green curves with the solid blue
ones). Therefore, it is the presence of the Majorana mode in
the final Hamiltonian that gives rise to the large and persis-
tent fluctuations in δR(t), which can be understood as a result
of the localized mode tieing the magnetization peak at short
times.
Figure 5: (Color online): Elements of the matrices A (left panels)
and B (right ones) for h = 0.4 (top) and h = 1.4 (bottom). The
plots are made for N = 100.
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Figure 6: (Color online): Left: Average asymptotic speed v¯, taken in
the long time limit (but before the occurrence of finite size revivals)
as a mean over residual long time oscillations, for N = 800. Right:
Scaling with the system size N and with the external field h of the
amplitude of the long time oscillations displayed by the propagation
speed v(t) around the average v¯. In the white region the limiting
speed is not well defined because of the persistence of its oscillations.
III. CONCLUSIONS
To summarize, we studied the effect of a local magnetic
field defect on both the static and dynamic properties of the
Ising model in transverse field h. The excitation spectrum of
this system is made of a continuous band of delocalized states
and, depending on the interplay between the external field h
and the defect parameter µ, of up to two localized modes.
We have shown that for 0 < h < 1 the defect modifies the
wave function of the (Kitaev) fermion paring induced Majo-
rana mode, and that it can give rise to a new localized zero
mode in the disordered region; furthermore, we demonstrated
that, in the limit of a vanishing magnetic field on the edge,
the Ising critical point can be detected by means of local mea-
surement on the impurity. We have also studied the propaga-
tion of local magnetic excitations occurring after the defect is
quenched off and showed that the propagation is ballistic but
for some oscillations induced by the the Majorana mode for
50 < h < 1, whose effect persist at long times near the critical
point.
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Appendix A
1. Diagonalization of the Ising model with an edge defect
The Ising model with a magnetic field inhomogeneity at
one edge is given by
Hˆ = −µh σˆz1 − h
N∑
n=2
σˆzn +
N−1∑
n=1
σˆxnσˆ
x
n+1 , (A1)
where σˆαn (α=x, y, z) are the usual Pauli spin operator on site
n, and h > 0. Diagonalization of Eq. A1 is achieved first
by introducing the non-local Jordan-Wigner (J-W) transfor-
mation [26]
σˆzn = 2cˆ
†
ncˆn − 1, (A2)
σˆ−n = e
ipi
∑n−1
j=1 cˆ
†
j cˆj cˆn, (A3)
σˆ+n = e
−ipi∑n−1j=1 cˆ†j cˆj cˆ†n, (A4)
where σˆ±j =(σˆ
x
j ± iσˆyj )/2 are the raising and lowering spin
operator. This transformation fermionizes Eq. A1 into
Hˆ =
∑
i j
(
cˆ†iAi j cˆj +
1
2
(
cˆ†iBi j cˆ
†
j + h.c.
))
(A5)
where A and B are tridiagonal symmetric and anti-
symmetric matrices respectively, whose elements are given
by Ai j=2h ((µ+ 1) δi1−1) δij− (δi j+1+δi+1 j) and Bi j =
(δi j+1−δi+1 j). Since the Hamiltonian in Eq. A5 is bilinear in
the creation and annihilation operators it can be diagonalized
by means of a Bogoliubov transformation:
cˆi =
∑
k
uikηˆk + vikηˆ
†
k (A6)
with the conditions
∑
k
uikujk+vikvjk = δij and
∑
k
uikvjk+
vikujk = 0 to ensure that the transformation is canonical and
preserves the anti-commutation relations. From the equations
of motion for the operators cˆi (or equivalently for cˆ
†
i ), the Bo-
goliubov transformation in Eq.A6 and imposing the time de-
pendence ηk(t) = ηke−ıΛkt for the normal modes we obtain
the following equations for the element of the transformation
matrices u and v:
∑
j
Aijujk +Bijvjk = Λkuik (A7)∑
j
Bijujk +Aijvjk = −Λkvik. (A8)
The Hamiltonian rewritten in terms of the normal modes reads
Hˆ =
∑
k
Λkηˆ
†
kηˆk −Nh+ (µ+ 1)h− 12
∑
k
Λk.
In view of the discussion about the Majorana modes we
introduce the new matrices φ = uT + vT and ψ = uT − vT
whose column vectors satisfy the equations:
{
(A+B) ~φk=Λk ~ψk
(A−B) ~ψk=Λk~φk
. (A9)
In the absence of impurity the above equations can be de-
coupled, yielding respectively:
M1 ~ψk=Λ
2
k
~ψk or M
′
1
~φk=Λ
2
k
~φk , (A10)
where M1=(A+B)(A−B) and M ′1=(A−B)(A+B) turns
out to be the mirror-inverted matrix M
′
1=R
†M1R, with R
denoting the reflection operator Ri j=δi 2N+1−j . Because of
the open boundary conditions, M1 (M
′
1) are symmetric tridi-
agonal matrices uniform along the diagonals but for the first
(last) element on the main one. The position of this non-
uniformity makes it possible to determine analytical solutions
for the spectrum of M [27, 28].
The presence of the impurity µ breaks the mirror-inversion
symmetry and therefore the diagonalization procedures for
Mµ or M ′µ, although numerically possible even for large N ,
are different. In fact, (A−B)(A+B) turns out to be a real,
tridiagonal matrix with the upper corner (i.e., the matrix ele-
ments {(1, 1), (1, 2), (2, 1)}) depending on µ, and this, to the
best of our knowledge, does not admit an analytical solution
for arbitrary values of µ. The matrix Mµ=(A+B)(A−B),
instead, has only the first element on the main diagonal de-
pending on µ (beside a µ-independent non-uniformity on the
last element of the same diagonal). As a consequence, the lat-
ter is prone to analytical diagonalization for arbitrary values
of the impurity strength by means of the technique outlined in
Ref. [27].
The matrix Mµ=(A + B)(A − B) is positive, tridiagonal,
and symmetric, and reads
M =

b− α a 0 · · · 0
a b a · · · 0
0 a b · · · · · ·
· · · · · · · · · · · · · · ·
0 · · · a b a
0 · · · 0 a b− β
 , (A11)
with b = 4 + 4h2, a = −4h, α = 4h2(1 − µ2), β = 4.
Lengthy, but straightforward, calculations lead to the follow-
6ing equation
a(α+β) sin(Nθk)+a
2 sin [(N+1)θk] +αβ sin [(N−1)θk] =0
(A12)
where θk∈C is related to the eigenvalues Λk of Eqs. A10 by
cos θk=
Λ2k−b
2a , with the index k labelling the energy levels.
Finally we solve Eq. A12 in the limit N1. Having obtained
the allowed θk, the problem is solved and the matrices ψ and
φ are obtained via Eqs. A10.
Depending on the values of the Hamiltonian parameters
{h, µ}, there can be up to two complex θk, which give rise to
the out-of-band energy levels reported in the main text. The
phase diagram in the {h, µ}-plane is made up of the follow-
ing regions: R1={(h, µ) : 0<h<1} and R2 = {(h, µ) :
(∀h ∧ |µ|>√1+1/h) ∨ (h > 1 ∧ |µ|<√1−1/h)} A graph-
ical representation of these regions is given in the main text.
Results for the eigenvalues, and for the coefficients ψ and φ
are reported in Table A 1, for the various regions.
Table I: Expressions for the eigenvalues and the {ψ, φ} matrix elements in the (h, µ)-plane.
(h, µ) Λ ψ φ
∀(h, µ) Λκ=2
√
1+h2−2h cos θκ ψn(θκ)=
√
2
N
sin(nθκ)+(µ
2−1)h sin((n−1)θκ)√
1+(µ2−1)2h2+2h(µ2−1) cos θκ
φn(θκ)=
2h
Λκ
ψn(θκ)− 2(µ+1)hδn1Λκ ψ1(θκ)−
2(1−δn1)
Λκ
ψn−1(θκ)
R1 Λ1= 2|µ|(1−h
2)hN√
|1+(µ2−1)h2| ψ
(1)
n =
√
1−h2
(
hN−n− µ2hN+n
1+(µ2−1)h2
)
φ
(1)
n =
√
1−h2
√
|1+(µ2−1)h2|
|µ|h(1+(µ2−1)h2) (1−(µ+ 1) (δn1+(1−δn1) (1− µ)))hn
R2 Λ2 = 2|µ|
√
1+(µ2−1)h2
(µ2−1) ψ
(2)
n =
(−1)nh−n
√
(µ2−1)2h2−1
(µ2−1)n φ
(2)
n =
2h
Λ(2)
ψ
(2)
n − 2(µ+1)hδn1Λ(2) ψ
(2)
1 −2 1−δn1Λ(2) ψ
(2)
n−1
The first line of Table A 1, where
θk=
kpi
N
+
1
N
arctan
(
hµ2 sin
(
kpi
N
)
((µ2−1)h− 1) + h(2− µ2) cos (kpiN )
)
,
(A13)
with k ∈ Z, refers to spatially delocalized energy modes hav-
ing energy in the interval Eb= [2 |1−h| , 2 |1+h|]. For finite
systems, there are N,N−1, or N−2 modes depending on lo-
cation in the (h, µ)-plane. For infinite systems, on the other
hand, they build up an energy band with a gap equal to 2 |1−h|
closing at the QPT point hc=1. The second line shows the
zero-energy mode (in the N→∞ limit) and the correspond-
ing Majorana localized eigenstate which is extensively dis-
cussed in the main text. Finally, the last line reports an en-
ergy level appearing above (or below) the band for (h, µ)∈R2.
The corresponding eigenstate turns out to be localized only
around the impurity and has a finite energy but on the line
µ=0 where it vanishes ∀h. The occurrence of Λ(2)=0 im-
plies a discontinuity for φ(2)1 and a non-differentiable point
for φ(2)n with n>1. Indeed, φ
(2)
1 =− 2µhΛ(2)
√
1−((µ2 − 1)h)−2
and φ(2)n = 2hµ
2
Λ(2)
(
(µ2 − 1)h)−n√((µ2 − 1)h)2−1.
By introducing two (real) Majorana operators on each site:
aˆn = cˆn + cˆ
†
n and bˆn = i(cˆ
†
n − cˆn) together with the Bogoli-
ubov transformations in Eq.A6 we have
aˆn =
∑
κ
φn(θκ)αˆκ +
∑
i
φ(i)n αˆi (A14)
bˆn =
∑
κ
ψn(θκ)βˆκ +
∑
i
ψ(i)n βˆi (A15)
where we defined the Majorana modes αˆk = ηˆ
†
k+ηˆk and βˆk =
i(ηˆ†k − ηˆk) and the functions φ and ψ are given in Table (A 1).
The Hamiltonian thus reads:
Hˆµ = iµh aˆ1bˆ1 + ih
N∑
n=2
aˆnbˆn − i
N−1∑
n=1
aˆn+1bˆn. (A16)
In this form it is easy to see that for µ = 0 the Majorana
operators aˆ1 and bˆ1 both commute with the Hamiltonian.
2. Transverse magnetization
The magnetization is given by
〈
Sˆzn
〉
=
〈σˆzn〉
2 =
1
2−
〈
cˆ†ncˆn
〉
.
By inverting Eq. A6 and exploiting the property ηk |GS〉=0,
∀k, we are left with
〈
Sˆzn
〉
= 12 −
∑
k v
2
kn. In the thermody-
namic limit N→∞, we obtain the exact result〈
Sˆzn
〉
= 12−
[∫ pi
0
dθ v2n(θ)+Θ (h−1) Θ (x+) Θ (y+)
(
v
(2)
n
)2
(A17)
+Θ (1−h)
(
(Θ (y−) +Θ (x−))
(
v
(2)
n
)2
+
(
v
(1)
n
)2)]
,
where v(i)n is the Bogoliubov coefficient relative to the
discrete mode i = 1, 2, while x±=µ±√h(h∓1),
y±=±√h(h∓1)−µ, and Θ(x) is the Heaviside step function.
Let us focus on the case µ→0. Eq. A17 can be evaluated
analytically as the contribution of the continuous modes in the
7integrand, given by
v2n(θ) =
1
2pif2
[
−h s˜in ((n−2) θ) (A18)
+
(
1+h2−h f) s˜in ((n−1) θ) + (f−h) s˜in (nθ)] ,
where f≡f(h, θ)=√1+h2−2h cos θ and the modified
trigonometric function reads s˜in(x)=Θ(x) sin(x), results in
rational functions of h times complete elliptic integrals of the
first and second kind for n≥2. For the sake of brevity, we do
not report the result for arbitrary n of Eq. A17, but, rather,
focus on the case n=1, which reads
lim
µ→0±
〈
Sˆz1
〉
=
1
2
− 1
8h2
(
1 + Sg (h−1) +h2 (1 + Sg (1−h)))
−Θ (h−1) 2h
(
h∓√h2−1)−1
4h2
−Θ (1−h)
4
=∓
√
h2−1
2h
Θ(h− 1) , (A19)
where Sg(x) is the sign function.
3. Coupling matrices
In the first section of this Appendix, we have shown how
to diagonalize an Hamiltonian having the form in Eq. A5.
When performing a sudden quench both the initial and the fi-
nal Hamiltonian have this form and can thus be diagonalized
following the above procedure. To this end, we need two Bo-
goliubov transformations as in Eq.A6:
cˆi =
∑
i
uikηˆk + vikηˆ
†
k (A20)
cˆi =
∑
i
wik ξˆk + zik ξˆ
†
k (A21)
where again we require
∑
k
uikujk + vikvjk = δij and∑
k
wikwjk+zikzjk = δij . Using these relations and the trans-
formations above we can write:
(
ξˆk
ξˆ†k
)
=
∑
k
(
Ukq Vkq
Vkq Ukq
)(
ηˆq
ηˆ†q
)
(A22)
where
Ukq =
∑
i
wikuiq + zikviq (A23)
Vkq =
∑
i
zikuiq + wikviq. (A24)
Thanks to the above expression it is now easy to recover the
expression in the main text for the mean local number of
fermions at site i:
〈cˆ†i (t)cˆi(t)〉 =
∑
k1,k2
A
(i)
k1k2
cos ((Λk1 − Λk2) t) (A25)
+
∑
k1,k2
B
(i)
k1k2
cos ((Λk1 + Λk2) t) (A26)
where
A
(i)
k1k2
= (wik1wik2 − zik1zik2)
∑
l
Vk1lVk2l (A27)
B
(i)
k1k2
= 2wik1zik2
∑
l
Uk1lVk2l. (A28)
The matricesA andB in the definition ofR2(t) in the main
text are given by
Ak1k2 =
∑
i
A
(i)
k1k2
(i− 1)2 (A29)
Bk1k2 =
∑
i
B
(i)
k1k2
(i− 1)2. (A30)
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